Abstract. The flow of fluids through porous media can be described by the Boussinesq's equation with mixed boundary conditions; a Neumann's boundary condition and a nonlinear boundary condition. The nonlinear boundary condition provides a means to control the fluid flow through porous media. In this paper, some stabilizing controllers are constructed for various cases using Lyapunov design.
INTRODUCTION
Fluid flow through porous media has been an important research topic for decades especially in the area of petroleum engineering, geology and geophysics. Early investigation on this topic can be found in [2] , [3] , [4] , [5] , [6] . Fluid flow models through porous media can be described by the Boussinesq's equation ( [1] , [4] , [7] , [9] , [10] ). This equation describes a special case of porous media fluid flow with quadratic non-linearity. The Boussinesq's equation can be written in the following form
where h(x,t) is a non-negative scalar function of space x ∈ Ω = [0, 1] ⊂ R and time t ∈ R + which denotes the height of the fluid column in porous media. The ∆ = ∆ x represents the Laplace operator acting on the space variables. The following boundary conditions are given when the flow is limited to no flow boundary at the left side (x = 0) and a pressure source potential u(t) at the right side (x = 1).
These boundary conditions appear in formulations of gas-oil flow in reservoirs ( [7] , [9] , [10] ). The pressure source potential u(t) acts as a driven force for the fluids. In petroleum engineering, this pressure source could be a well which is producing hydrocarbon. The pressure source may be controlled and hence it may acts as a control input for system (1)-(3).
Remark 1 System (1)-(3) defines a boundary control problem of Boussinesq's equation with mixed boundary conditions.
Boundary control of partial differential equations (PDEs) has been an active research since the late 90's ( [8] , [11] , [12] , [14] ). Some methods such as Backstepping ( [8] ) and formal power series representation ( [12] ) have been successfully implemented for linear PDEs. However for nonlinear cases these methods are still limited to polynomial non-linearities.
According to ([1] , [4] ), (1) can be simplifies to either of the following equations:
x (x,t) The first equation is the famous heat equation, an important PDE which describes the distribution of heat. The second equation is known as the Eikonal's equation, a first-order equation of Hamilton-Jacobi type that propagates along characteristics ( [1] ), while the third equation is called the inhomogeneous heat equation. In the following section, boundary control of linear and nonlinear equations above will be discussed in more detail.
The question on how to control the fluid flow through porous media is translated into a question on how to construct the controller u(t). The Lyapunov function method will be used to construct the controller for fluid flow systems. This method is very common as a tool to analyze stability of the dynamical system ( [13] ).
Definition 1 A Lyapunov function is a scalar function V (x) defined on a region D that is continuous, positive definite (V (x) > 0, ∀x = 0), and has continuous first-order partial derivatives at every point of D.
The existence of a Lyapunov function for whichV (x) is negative definite on some region D containing the origin guarantees the asymptotical stability of the zero solution of the system.
CONTROL DESIGN
Consider the following boundary control problem
where α > 0, exponentially stabilizes the zero solution h(x,t) = 0 of the system (4) in L 2 [0, 1].
Proof 1 Define the Lyapunov function V (t) =
1 2 1 0 h 2 (x,t) dx and compute its time derivative, yieldsV (t) = u(t) Remark 2 The control law (5) is equal to the control law in [10] .
t). This implies the Lyapunov function is bounded by V
For the second case, consider the following boundary control problem
where β > 0, asymtotically stabilizes the zero solution h(x,t) = 0 of the system (6) in
Proof 2 Differentiate (6.a) w.r.t. x yields h tx (x,t) = 2h x (x,t)h xx (x,t). Let w(x,t) = h x (x,t), hence h(x,t) = x 0 w(ξ ) dξ and w t (x,t) = 2w(x,t)w x (x,t). Further, let u(t) = h(1,t)q(t). Then, the nonlinear boundary condition (6.c) becomes a Neumann's boundary condition h x (1,t) = q(t) and system (6) equivalent to the following system w t (x,t) = 2w(x,t)w x (x,t) w(0,t) = 0 w(1,t) = q(t) This yieldsV (t) ≤ −βV 3 2 (t). It then follows that
This implies that the equilibrium w(x,t) = 0 is globally asymtotically stable in L 2 [0, 1]. Since w(x,t) = h x (x,t), the equilibrium h(x,t) = 0 is globally asymptotically stable in H 1 [0, 1].
Remark 3
The control law (7) requires measurements from the interior of the domain. Since these measurements may be impossible to obtain, an observer which estimates h xx (x,t) should be constructed. This observer could be obtained using a Backstepping method ( [8] ).
For the third case, consider the following boundary control problem      h t (x,t) = h xx (x,t) + h 2 x (x,t) h x (0,t) = 0 h(1,t)h x (1,t) = u(t) 
exponentially stabilizes the zero solution h(x,t) = 0 of the system (8) in H 1 [0, 1].
Proof 3 Similar to Proof 2.
Remark 4 Control laws (5) and (9) only require measurements at the boundary x = 1. It is therefore much easier to implement than (7) .
CONCLUSION
This paper suggests three stabilizing controllers for linear and nonlinear PDEs associated with fluid flow through porous media.
